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Abstract 

We prove that the pure state space is homogeneous under the action of the 
group of asymptotically inner automorphisms for all the separable simple nuclear 
C*-algebras. If simplicity is not assumed for the C*-algebras, the set of pure states 
whose GNS representations are faithful is homogeneous for the above action. 

1 Introduction 

If A is a C*-algebra, an automorphism a of A is asymptotically inner if there is a continuous 
family (ut)te[o,oo) m t ne group 14(A) of unitaries in A (or A + CI if A is non-unital) 
such that a = lim^oo Adw t ; we denote by AInn(j4) the group of asymptotically inner 
automoprphisms of A, which is a normal subgroup of the group of approximately inner 
automorphisms. Note that each a G Alnn(A) leaves each (closed two-sided) ideal of A 
invariant. It is shown, in [T], |TT|| , for a large class of separable nuclear C*-algebras that 
if uji and u>2 are pure states of A such that the GNS representations associated with lo\ 
and co>2 have the same kernel, then there is an a G Alnn(A) such that u)\ = ujiol. We shall 
show in this paper that this is the case for all separable nuclear C*-algebras; in particular 
the pure state space of a separable simple nuclear C*-algebra A is homogeneous under 
the action of Alnn(A). We do not know of a single example of a separable C*-algebra 



which does not have this property. See || for some problems on this and see |2.4| and \L5 
for remarks on the non-separable case. 

Choi and Effros || have shown that A is nuclear if and only if there is a net of pairs 
(<j u ,t u ) of completely positive (CP) contractons such that \\n\T v a u {x) = x, x G A, where 



A^UM^A 



and N u is a finite-dimensional C*-algebra. When A is a non-unital C*-algebra, A is 
nuclear if and only if A + CI is nuclear |J. If A is unital, we may assume that both o~ v 
and r v are unit-preserving. We refer to |3], [| for some other facts on nuclear C*-algebras. 



We also quote pi for a review on the subject. 
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Our proof of the homogeneity is a combination of the techniques leading up to the 
above result from [||] and the techniques from [11]. In section 2 we shall show how the 
homogeneity follows from inductive use of Lemma [TT] (or |2.2|) , whose conclusion is very 
similar to the properties already used in [11]; this part follows closely ]nj] and so the 
proof will be sketchy In section 3 we shall prove Lemma p.l| from another technical 
lemma, Lemma |3.1] , which shows some amenability of the nuclear C*-algebras; this is the 
arguments often used for individual examples treated in Jll| and so the proof will be again 
sketchy. Then we will give a proof of Lemma ft.l[ , which constitutes the main body of this 
paper and uses the results and techniques from ||. 

We will conclude this paper, following [|Tl}| , by generalizing Lemma |3TT| and then extend 
the main result, Theorem 2^3 , to show that Alnn(A) acts on the pure state space of A 
strongly transitively. See Theorem RT8] for details. 



2 Homogeneity 

We first give a main technical lemma, whose conclusion is a slightly weaker version of 



Property 2.6 in [IT]. We will give a proof in the next section. 



Lemma 2.1 Let A be a nuclear C* -algebra. Then for any finite subset JF of A, any pure 
state u of A with it w {A) n K,(l~tu) = (0), and e > 0, there exist a finite subset Q of A and 
5 > satisfying: If is a pure state of A such that tp ~ to, and 

\<p(x) — oj(x)\ < 5, x G G, 

then there is a continuous path (ut)te\o,i\ in M{A) such that Uq = 1, tp — uAdui, and 

\\Adu t (x) - x\\ < e, x G J 7 , t G [0, 1]. 

In the above statement, it^ is the GNS representation of A associated with the state 
u; TCu is the Hilbert space for this representation; KiTi^) is the C*-algebra of compact 
operators on Ti^ <p ~ u means that ir v is equivalent to n^. We could also impose the 
extra condition that the length of (u t ) is smaller than 7r + e for the choice of the path (u t ); 



see Property 8.1 in |TT 



The following is an easy consequence: 

Lemma 2.2 Let A be a nuclear C* -algebra. Then for any finite subset JF of A, any pure 
state u of A with tt^^A) fl /C(7Y W ) = (0), and e > 0, there exist a finite subset Q of A and 
5 > satisfying: If if is a pure state of A such that ker7r v = ker^, and 

| — < 5, x G G, 

then for any finite subset T' of A and e' > there is a continuous path (u t )te[o,i] in U{A) 
such that Uq = 1, and 

\<f(x) — ooAdui(x)\ < e', x G J 7 ', 
\\Adu t (x) — x\\ < e, x £ T . 
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Proof. Given (J 7 , 0J,e), choose (G,5) as in the previous lemma. Let ip be a pure state of 



A such that ker tt^ = ker tt^ and 

\<f(x) - lu(x)\ < 5/2, x G Q. 

Let T' be a finite subset of A and e' > with e' < 5/2. We can mimic if as a vector state 
through tt^; by Kadison's transitivity there is a t> G U(A) such that 

|v9(x) - uo Ad v(x) | < e', x G T' U Q, 

(see 2.3 of |TT|). Since \uiAdv(x) — c<j(x)| < 5, x E Q, we have, by applying Lemma pTT] to 
the pair u and cuAdf , a continuous path (u t ) in such that u = 1, and 

uAdv = uAdui, 
\\Adu t (x) — x\\ < e, x G T. 

Since |<£>(x) — wAdu\{x)\ < e' , x G JF', this completes the proof. □ 

We shall now turn to the main result stated in the introduction. We denote by 
AInn (A) the set of a G Alnn(A) which has a continuous family {u t )te[o,oo) m U{A) with 
Uq = 1 and a = limAd-u t ; AInn (A) can be smaller than Alnn(A) (e.g., AInn (A) may 



not contain Inn (A); see |T0 

Theorem 2.3 Let A be a separable nuclear C* -algebra. If U\ and uj 2 are pure states of 
A such that ker 7r Wl = ker 71-^, then there is an a G AInn (A) such that uj\ = u 2 a. 



Proof. Once we have Lemma \2?£, we can prove this in the same way as 2.5 of [p[| . We 
shall only give an outline here. 

Let uii and uj 2 be pure states of A such that ker ir^ = ker ir U2 . 

If Ti u)1 {A)r\lC{/H UJl ) 7^ (0), then 7r Wl (v4) D K^H Ul ) and 7r Wl is equivalent to 7r W2 . Then by 
Kadison's transitivity (see, e.g., 1.21.16 of fL7|), there is a continuous path (u t ) in U(A) 
such that uq = 1 and c<Ji = c^Adwi. 

Suppose that 7T W1 (A) fl fCiTi^A = (0), which also implies that 7^ (A) fl fCilH.^) = (0). 

Let (x n ) be a dense sequence in A. 

Let T\ = {xi} and e > (or e = 1). Let {Qi,5\) be the {Q,5) for (JF 1; e/2) as 
in Lemma |2.2| such that ft D For this (ft,5i) we choose a continuous path (w^) in 
U(A) such that w^o = 1 and 

|cui(x) — u) 2 Adu\^(x)\ < Si, x G ft. 

Let JF 2 = {xi, Adu\ x (xi) \ i = 1,2} and let (ft, £2) be the (ft for (JF 2 , c^Ad-u^i, 2~ 2 e) 
as in Lemma |2]^ such that ^ 3 ft U .F2 and 5 2 < 5\. By |27^ there is a continuous path 
(w 2 t) m U{A) such that m 2) o = 1 and 

||AdM 2 <(a;) — x\\ < 2~ l e, x G T\, 
\uj 2 Adu li i(x) - cjiAdM 2 ,i(x)| < 5 2 , x G ft. 
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Let JF 3 = {xi, Adul | i — 1, 2, 3} and let (£3, $3) be the 5) for (^3, wiAdw^i, 2 _3 e) 
as in ^72] such that ^ D ^ U J~3 and £3 < <5 2 . By |27| there is a continuous path (-u 3t ) in 
such that 2/3,0 = 1 and 



||AdM 3t (o;) — re || < 2 2 e, x G JF 2 , 
|o;iAdu 2 ,i(x) -a; 2 Ad(wi ) iw 3) i)(a;)| < S 3 , x G Q?,. 

We shall repeat this process. 

Assume that we have constructed T n) G n , fin, and (u n j) inductively. In particular if n 
is even, 

T n = {x h Ad(u* n _ ltl u* n _ 3l ■■■u* ll ) (x^ I i = l,2,... ,n} 

and (G n ,5 n ) is the (Q,S) for (jF n , ti; 2 Ad(Mi i iM3 i i • • • u n -\ t i), 2~ n e) as in |2T^ such that £/ n D 
</ n _iU.F n and <5 n < <5 n _i. And is given by|]|for (.F n _i, a;iAd(w 2i i • • • w n _ 2 ,i), 2~ n+1 e) 
and for JF' = C/ n and e' = <5 n and it satisfies 

|o;iAd(« 2)1 u 4j i • ■ ■ u n ,i)(x) - uj 2 Ad(u 1A ■ ■ -u n -i t i)(x)\ < 5 n , x G £ n . 

We define continuous paths {y t ) and (w t ) in W(v4) with t G [0, 00) by: For t G [ra, n + 1] 

^ = «1,1 M 3,1 • • • U 2n -l,lU2n+l,t-n, 
W t = U 2 ,lU4,l ■ ■ ■ U 2n -2,lU2n+2,t-n- 

Then, since ||Ad-u nt (x) — x|| < 2~ n+1 e, x G J- n -i, we can show that Adff (resp. Adw t ) 
converges to an automorphism a (resp. (3) as t^oo and that u>i(3 = u 2 a. Since a,/3 G 
AInn (A) and AInn (A) is a group, this will complete the proof. See the proofs of 2.5 
and 2.8 of Ol for details. □ 



The notion of asymptotical innerness for automorphisms may be appropriate only 
for separable C*-algebras. Because any a G Alnn(A) can be obtained as the limit of a 
sequence in Inn(A), not just as the limit of a net there. Hence the following remark will 
not be a surprise; it may only suggest that we should take Inn(A) or something bigger 



than AInn(v4) in place of AInn(v4), in formulating |2.3| for non-separable C*-algebras 



Remark 2.4 There is a unital simple non-separable nuclear C*-algebra A such that the 
pure states space of A is not homogeneous under the action of Alnn(A). 

We can construct such an example as follows. Let A be a unital simple separable 
nuclear C*-algebra and A an uncountable set. For each finite subset F of A we set 
Ap = ®i<z\Ai with Ai = A and take the natural inductive limit A\ of the net {Ap). Since 
Ap is nuclear, it follows that A\ is nuclear. 

For each X C A we define Ax to be the C*-subalgebra of A\ generated by Ap with 
finite F G X. Note that for each x G A\ there is a countable X C A such that x G Ax- 

Let (u n ) be a sequence in U{A\) such that Adw n converges to a G Aut{A\) in the 
point-norm topology. Since there is a countable subset X n C A such that u n G A Xn , a is 
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non-trivial only on Ax, where X = U n X n is countable. Thus any a £ Alnn(AA) has the 
above property of countable support. 

For each i £ A let Ui and p>i be pure states of A{ = A such that Ui ^ (fi and let 
uj = ® i( z^uji and (p = ® ie ^ipi. Then it follows that u and if are pure states of A^ and that 
uj 7^ if a for any a £ ALui^a). Hence A^ serves as an example for the above remark. 

In this case, however, we have an a £ Inn(v4A) such that to = (pa (since this is the 
case for each pair u>i, (fi from [2.3|) and it may be the case that the pure state space of A^ 
is homogeneous under the action of Inn(AA.)- 

Remark 2.5 There is a unital simple non-separable non-nuclear C*-algebra A such that 
the pure state space of A is not homogeneous under the action of A\xt{A). 

There are plenty of such C*-algebras at hand. Let A be a factor of type Hi or type 
III with separable predual A*. Then A is a unital simple non-separable non-nuclear C*- 
algebra (see, e.g., [|TI| for non-nuclearity) . Since A contains a C*-subalgebra isomorphic 
to C;,(N) = C(/3N) and /3N has cardinality 2 C , the pure state space of A has cardinality 
(at least) 2 C , where c denotes the cardinality of the continuum. (We owe this argument 
to J. Anderson.) On the other hand any a £ Aut(A) corresponds to an isometry on the 
predual A*, a separable Banach space. Thus, since the set of bounded operators on a 
separable Banach space has cardinality c, Aut(A) has cardinality (at most) c. Hence the 
pure state space of A cannot be homogeneous under the action of Aut(A). 

We note in passing that Alnn(A) = Inn(v4) for any factor A (or any quotient of a 
factor), since any convergent sequence in Aut(yl) with the point-norm topology converges 
in norm ||. We also note that Inn(A) = Inn(yl) for any full factor || [TBI , since then 
Inn(A) is closed in Aut(A) with the topology of point-norm convergence in A* and so is 
closed in Aut(A) with the topology of point-norm convergence in A. 



3 Proof of Lemma [2Tll 

If A is a non-unital C*-algebra, A is nuclear if and only if the C*-algebra A + CI obtained 



by adjoining a unit is nuclear. Hence to prove Lemma |2.1| we may suppose that A is 
unital. In the following Uo(A) denotes the connected component of 1 in the unitary group 
U{A) of A. 

Lemma 3.1 Let A be a unital nuclear C* -algebra. Let T be a finite subset ofUo(A), it 
an irreducible representation of A on a Hilbert space 7i, E a finite- dimensional projection 
on 7i, and e > 0. Then there exist an n £ N and a finite subset Q of M\ n (A) such that 
xx* < 1 and tt(xx*)E = E for x £ Q , and for any u £ T there is a bisection f of Q onto 
Q with 

\\ux — f(x)\\ < e. 
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In the above statement, M\ n (A) denotes the 1 by n matrices over A; if u G A and 
x = (xi, x 2 , . ■ ■ , x n ) G M ln (A), 

n 

i=l 

UX = (UX\, UX2, • • • , UX n ) G Mi n (A). 



We shall first show that Lemma |3J] implies Lemma \L1 . 

Let T be a finite subset of A, co> a pure state of A with ix^A) fl /C(7i w ) = (0), and 
e > 0. Since Wo (A) linearly spans A, we may suppose that JF is a finite subset of Uq{A). 
For 71 = 71^ and the projection E onto the subspace Cf2 w , we choose an n G N and a 
finite subset of M ln (A) as in Lemma |3.1| . 

We take the finite subset 

{xiX* | x G i, j = 1,2, . . . ,n} 



for the subset Q required in Lemma 2.1. We will choose 5 > sufficiently small later. 



Suppose that we are given a unit vector rj G Tt w satisfying 

|<7r(**)77,7r(x*)77> - (7r(z*)C},7r(x*)fi)| < 5 
for any s G and z,j = 1, 2, . . . , n, where f2 = f^. Note that 

||7r(x*)fi|| 2 = (7r(xx*)fi,fi) = 1, 

i=i 

which implies that | (tt(xx*)t], rj) — 1| < n5. Thus the two finite sets of vectors Sq = 
{n(x*)Q | i — 1, . . . ,n; x G Q} and S v = {Ti{x*)rj \ i = 1, . . . , n; x G £?} have similar 
geometric properties in 7-^ if <5 is sufficiently small. Hence we are in a situation where we 



can apply 3.3 of [11 



Let us describe how we proceed from here in a simplified case. Suppose that the linear 
span Cq of Sq is orthogonal to the linear span C v of S v and that the map 7i(x*)fl i— > 7r(a;*)?7 
and vr(x*)?7 i— > 7r(:r*)f2 extends to a unitary on £^ + C n ] in particular we have assumed 
that (tt(x*)i], 7i(x*)rj) = (n(x*)Q,7i(x*)Q) for all Since U is a self-adjoint unitary, 
F = (1 — Z7)/2 is a projection and satisfies that e l7rF = {7 on the finite-dimensional 
subspace Cn + C"q- By Kadison's transitivity we choose an h G A such that < h < 1 
and Tr(h)\Cn + C ri = F. We set 

/i = \G\~ X x/ix*, 



where 

n 

xhx* = Xihx] 

i=l 
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Since 

7v(xhx*)(n - 77) = ^2ir(xi)FTr(x^)(n-ri), 

= si-v 

and Tr(xhx*)(Q + 77) = 0, it follows that 

7r(h)(tt-ri) = n-rj, ir(h) (Q + 77) = 0. 

Hence we have that e m7r ^ switches and 77. 

On the other hand for u G T there is a bijection / of Q onto Q such that ||m — fix) || < 
e, a; G Q. Since 



hu* -h = \g\- x ^2{(ux - f{x))hx*u* + f{x)h{x*u* - f{x)*)}, 



it follows that \\uhu* — h\\ < 2e. Thus the path (e l )te[o,i] almost commutes with T 

and is what is desired. (Since what is required is ui v = uAde l7Th , we may take the path 
whoge length ig n / 2 .) 

If C v is not orthogonal to Cu, we still find a unit vector ( G Ti^ such that 
|(7r(x*)C,7r(x*)C) - (7r(x;)n,7r(x;)fi)| < 5 

and such that £^ is orthogonal to both Cn and C v . Here we use the assumption that 
ir u (A) fl K.(TCu) = (0). Then we combine the path of unitaries sending r\ to ( and then 
the path sending £ to to obtain the desired path. 

The above arguments can be made rigorous in the general case; see [1 1] for details. □ 

We will now turn to the proof of Lemma |3.1| , by first giving a series of lemmas. The 
following is an easy version of 3.4 of @. 

Lemma 3.2 Let 71 be a non- degenerate representation of a C* -algebra A on a Hilbert 
space 7i, E a finite- dimensional projection on 7i, T a finite subset of A, and e > 0. Then 
there is a finite-rank self-adjoint operator H on H, such that E < H < 1 and 

||[7r(z),#]|| < e, xeF. 

Proof. We define finite-dimensional subspaces Vj~, k — 1, 2, . . . , of TC as follows: V\ = EH 
and if V k is defined then V k +\ is the linear span of and xVk,x*Vk, x G J 7 , where we 
have omitted tt . Then (\4) is increasing and 

x(v k+1 e v k ) c v k+2 e x e r, 
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with Vo = 0. Denoting by E k the projection onto V k we define 

1 n 
H n = — > -Bfe. 

fc=i 

Then E < H n < E n . If x E we have, for £ G e 14, that 

(H n x - xH n )i = (H n - ^— E V k+2 © Vfc_i. 

n 

Hence for £ G 7Y, 

n+1 n+1 ^ 

(H n x - xH n )i = J2( H n* - xH n )(E k+1 - E k )i = J](# n - - E k )£, 

k=0 k=0 

and thus, by splitting the above sum into three terms, each of which is the sum over k 
mod 3 = i for i — 0, 1, 2, and estimating each, we reach 

\\(H n x-xH n )t\\<*\\x\\U\\. 

n 

This implies that ||[if„, x]|| < 3/n for x E T. □ 

If 7i is a representation of A on a Hilbert space 7i, we denote by n n the representation 
of M n ® A = M n (A), the n by n matrix algebra over A, on the Hilbert space C n ® 7i. If 
Xi E A, then x\ © rc 2 © • • • © x n is naturally a diagonal element of M n (A). 

Lemma 3.3 Let n be a non-degenerate representation of a unital C* -algebra A on a 
Hilbert space 7i, E a finite-rank projection onTi, T a finite subset ofUo(A), and e > 0. 
Then there exists ajijiGN such that each u E T has a diagonal element u = Ui © u 2 © 
. . . ®u n in Uo(M n (A)) satisfying u\ = u, u n = 1, and 

\\ui - u i+ i\\ < e/2, i = 1,2, ... ,n- 1. 

Furthermore there exists a finite-rank projection F on C n ©7i such that F > £"©0©- • -©0 
and 

\\[n n (u),F}\\ <e, u G J~ . 

Proof. Since Uq(A) is path-wise connected, the first part is immediate. 

Let 5 > 0, which will be specified sufficiently small later. By the previous lemma we 
choose a finite-rank self-adjoint operator Hi on H such that E < H\ < 1 and 

<<J, i = 1,2, uET 

where we have omitted ir. Let E 1 be the support projection of Hi and let H 2 be a 
finite-rank self-adjoint operator on H such that Ei < H 2 < 1, and 

||[if 2 ,Mi]|| i = 2,3, u E J~ . 
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In this way we define H 3} H 4} . . . ,H n _x and set H n = F„_i, the support projection of 
H n _i. We define an operator F on C n ® TC as a tri-diagonal matrix as follows: 

-Fv = Hi — Hi-x, i — 1, . . . , n, 

— -^i+l.i = \/Hi(l--~H~i), ,71—1, 

where ifo — 0. Noting that HiHi_x = and i^i > F, it is easy to check that F is a 
finite-rank projection and F dominates E © © • • • © 0. For u e J 7 , we have that 

= - Hi)] + ^(1 - Hi){ui - u i+1 ). 

Thus, since — < 1/2, the norm of [u, F] is smaller than 

e/2 + 25 + 2 max || [u h y/ H^l - Hi)]\\, 

i 

which can be made smaller than e for all u G T by choosing S small. □ 

When E is a projection on a Hilbert space TC, we denote by B(ETC) the bounded 
operators on the subspace EH. 

Lemma 3.4 Let A be a unital nuclear C* -algebra, tc an irreducible representation of A 
on a Hilbert space TC, and E a finite-rank projection on TC. Then the identity map on A 
can be approximated by a net of compositions of CP maps 

A Uv= ^°" Nu © B{E V TC) Tv=I ^ T " A, 

where N v is a finite- dimensional C* -algebra, (E u ) is an increasing net of finite-rank pro- 
jections on TC such that E <E V and limF^ — 1, a' v and a" are unital CP maps such that 
(t"(x) = E v ir(x)E u , x G A, and t v is a unital CP map such that 

r KT , ll {a)E = 0, a G N u , 
Etxt'1{o)E = EbE, b G B{E V TC). 

Proof. There is a non-degenerate representation p of A such that p is disjoint from ir and 
p © it is a universal representation, i.e., p © n extends to a faithful representation of A**. 
Note that (p © n)(A**) = p(A)" © ir{A)". 

If the nuclear C*-algebra A is separable, A** is semidiscrete ||, which in turn implies 
that TZ = p{A)" is semidiscrete. Hence the identity map on TZ can be approximated, in 
the point-weak* topology, by a net {r' u a' y ) of CP maps on TZ, where a' u (resp. t' v ) is a 
weak*-continuous unital CP map of TZ into a finite-dimensional C*-algebra N v (resp. of 
N v into TZ). By denoting a' v p by a' v again, we obtain a net of diagrams 

A N v TZ 



9 



such that t' v o' v {x) converges to p(x) in the weak* topology for any x G A. 

If A is separable or not, we have the characterization of nuclearity in terms of CP 
maps ||; there is a net of diagrams of unital CP maps: 

a' t' 

A N v — ^ A 

such that N u is finite-dimensional and t' v o' v {x) converges to x in norm for any x G A. By 
denoting pr' v by r' v again, we obtain a net of diagrams: 

A N v K 

as above; actually t' v o' v {x) converges to p[x) in norm for any x G A. 

Since 7f{A)" = B(7i) is semidiscrete, there is such a net of CP maps on tt{A)" as for 
1Z as well. But we shall construct one in a specific way. 

Let (E u ) be an increasing net of finite-rank projections on 7i such that E < E u and 
\imE u = 1. We define < : B(H)^B(E U H) by a'l(x) = E v xE v and r'l : B{E V H)^B{H) 
by r"(a) = a + co>(a)(l — -E,,), where u is a vector state, defined through a fixed unit vector 
in ETC. Then it is immediate that (a", t") has the desired properties. By denoting <7"tt 
by a'l again, we obtain a net of diagrams: 

A B{E V H) tx(A)" 

such that r"a"(x) converges to n(x) in the weak* topology for any x G A. 

We may suppose that we use the same directed set {v} for both (a' u , t' u ) and (cr", r"). 
We set a v = cr' u © a'l, M v = N u © B(E V H), and r„ = + By identifying A** with 
TZ © tt(A)", we have that 

A Af„ A** 

approximate the identity map on A (in the point- weak* topology), i.e., t^ct^x) converges 
to x in the weak* topology for any x G A. 

Following H we approximate r v by unital CP maps of M v into A. This is done as 
follows. If (e&-) denotes a family of matrix units of M u , r„ is uniquely determined by the 
positive element A„ = (r„(e*.)) in M V ®A** (2.1 of 0). Since M V ®A is dense in M V ©A** 
in the weak* topology, we can, by general theory, approximate A u by positive elements 
in M v © A, in the weak* topology, which then determine CP maps of M v into A (see the 
proof of 3.1 of 0). In particular we approximate t' v : N u — >A** by CP maps if)' : N U ^A 
satisfying 

iri/)'(a)E = 0, a G N v , 
and : B(E U H)^A** by CP maps V" : B(E V H)->A satisfying 

E-Kif)"(a)E = EaE, a G B(E U H). 

This is indeed possible as shown by using Kadison's transitivity. Moreover, by taking 
convex combinations of if)' + if)", we may assume that h = if>'(l) + if>"(l) is close to 1 G A 
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in norm. By replacing ip' by h~ 1 / 2 ip'( ■ )h~ 1 / 2 etc. we may suppose that ip = ip' + ip" is a 
unital CP map. Since HE = E = Eh, this does not destroy the above properties imposed 
on ip' and ip" . 

Restricting a v to A and retaining the same symbol r for the CP maps into A (instead 
of ip) , we now have a net of the compositions of unital CP maps: 

A M v A, 

which approximates the identity map in the point-weak topology. 

By taking convex combinations of the above CP maps, we will obtain such a net which 
now approximates the identity map in the point-norm topology. For example, if (\ v ) is 
such that Aj, > 0, 5* = {u \ \ v > 0} is finite, and J2 U ^ = 1> then we define 



A (0 N v ) © B(E U0 H) ^ A 



where u is such that u > u, v G S, and 



= (©„ 6 sO©<„ 

v&s x v es 

with p u : B(E UQ H)^B(E V H) defined by the multiplication of E u on both sides. By doing 
so, the properties nip'(a)E = and E'Kip"{a)E = EaE are still retained, where ip' is the 
first component of ip etc. See || for technical details. □ 



Lemma 3.5 Let o v , r v , M v — N v © B{E v 7i) be as in \3.4\ - For any e > there is a 
5 > such that if u G U(A) satisfies that \\u — T v a v (u) || < 8, there is a v G U(M V ) with 
\\u - r v (v)\\ < e. 

Proof. Suppose that A is represented on a Hilbert space H. Since r = r v is a unital CP 
map, by Steinspring's theorem there is a representation of M = M v on a Hilbert space 
.K" which contains H such that r(a) = P<p(a)P, a G M, where P is the projection onto 
H. 

If u G 14(A) satisfies that \\u — ra(u)\\ < 5, where a = o v etc., it follows that 



T 



{a{u)a{u)*) = P<pa(u)(f>a(u*)P > P<pa{u)P<pa(u*)P > (1 - 25) P. 



Let b denote ct(?i)ct(u)*. Since P(j>(b)(l - P)<f)(b)P = Pcp(b 2 )P - (P<p(b)P) 2 < P - (1 - 
25) 2 P, we have that ||P0(6)(1-P)|| < 25 1 / 2 . Since [P, 0(6)] = P(p(b)(l-P)-(l-P)(j)(b)P, 
we also have that \\[P, <p(b))\\ < 25 1/2 . For any a G M it follows that ||r(6a) — r(6)r(a)|| < 
25 1 / 2 ||a|| and \\r(ba) - r(a)\\ < 2(5^ 2 + 5)\\a\\. 
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If e is the spectral projection of b corresponding to [A, 1] for some A G (0,1), then 
b < A(l - e) + be and 

(1-2<5)P < P0(6)P < AP-AP0(e)P+P0(6e)P < AP-AP0(e)P+P0(e)P+2(c5+<5 1/2 )P. 

Let A = 1 — 45 — 2<5 4 / 2 — (5 1//4 . Then the above inequality implies that 

<5 1/4 P < (45 + 2<5 1/2 + <5 1/4 )P0(e)P, 

or \\P-P(j){e)P\\ < 4(5 3 / 4 + 2<5 1 / 4 . Hence we have that ||r(e)-l|| < 3<5 4 / 4 and ||r(6e)-l|| < 
35 1 / 4 for a sufficiently small 8 > 0. Since fee < (fee) 1 / 2 < e, r((6e) 1 ^ 2 ) is also close to 1. 
Since ||r(e)-r((6e) 1 / 2 )r((6e)- 1 / 2 )|| < ||P0((fe) 1/2 )(l -P)|| \\(be)-V 2 \\ < 35 1 / 8 , r({be)- 1 / 2 ) 
is also close to 1 (up to the order of (5 1 / 8 in this rough estimate); here (fee) -1 / 2 is the 
inverse of {be) 1 / 2 in eMe. 

We now define a unitary v in M by u = (6e) _1 / 2 cr(M) + y, where y satisfies that 
yy* = 1 — e and y*y = 1 — a(u)*{be)~ 1 a{u). Since {be)~ l l 2 a{u)a{u)* {be)~ l l 2 — e, v is 
indeed a unitary. Since r(y)r(y*) < r(yy*) = r(l — e) < 3<5 4 / 4 , ||y|| is of the order of 
<5 1//8 . Since T({be)~ 1 l 2 o(u)) is close to r((6e) _1 / 2 )r(cr(-u)) up to the order of (5 1 / 16 , we can 
conclude that \\r(v) — r(a(u)) || is close to zero up to the order of (5 1 / 16 . □ 

When (X, d) is a metric space, S <Z X, and e > 0, we call S an e-net if U x& sB(x, e) = X, 
where B(x, e) = {y E X \ d(x, y) < e}. When X has a finite e-net, we denote by N(X, e) 
the minimum of orders over all the finite e-nets. If X is compact, then N(X, e) is well- 
defined for any e > 0. 

Lemma 3.6 Let (X, d) be a compact metric space. If Si and S 2 are e-nets consisting 
N(X, e) points, then there is a bisection f of Si onto S2 such that d(x, f{x)) < 2e, x G Si. 

Proof. Let T be a non-empty subset of Si and set 

G = {y G S 2 I B(y, e) n \J x&F B(x, e) ± 0}. 

Since U x& jrB(x, e) C \J xe gB(x, e), it follows that Q U Si \ T is an e-net and that the order 
of Q is greater than or equal to the order of T. Then by the matching theorem we can 
find a bijection / of S\ onto S 2 such that f(x) G {y G S 2 \ B(x, e) PI B(y, e) 7^ 0}. □ 



Proof of Lemma \3. i| Let % be an irreducible representation of the unital nuclear C*-algebra 
A on a Hilbert space 7i, E a finite-rank projection on 7^, a finite subset of Uq(A), and 
e > 0. 

We apply Lemma 3J3 to this situation. Thus there exist an n G N and a finite-rank 
projection F on C n <g> Ti such that 

P>P©0©---©0, 
||[F,7r n (u)]|| <e, u E J- , 
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where 7r n denotes the natural extension of ir to a representation of M n ® A on C n © T~l; 
hereafter we shall simply denote ir n by n. Let F be a finite-rank projection on Ti, such 
that F < 1 © F . 



By Lemma |3.4| we find a net of diagrams 



with F in place of E as described there; in particular F < E u . We take tensor product 
of these diagrams with M n ; denoting id n ® by the same symbol a u etc., we obtain 



M n ®A Cv= ^ a " M n ®N u @M n ® B(E U H) Tv= ^X T » M n © A. 

Noting that F G M n ® B{E V H) = B{C n © E U H), we denote 

K = W(M n © jV v © M n © B{E U H) n {F}'), 

which is a compact group. Since (1 © F )nT^(v) = and (1 © Fq)ttt"(v)(1 © F ) = 
(1 © Fo)f(l © F ), we have that for each v e V v 

Ftt(7»7>*))F = F(l © F )7r(r 1/ (i;)r 1/ (i;*))(l © F )F, 
= F(K8Fo)7r(r»T>*))(l®F )F, 
= F(l®F )v(l®F )t;*(l®Fo)F 

+F(1 © F )7r(r»)(l © (1 - Fo))tt(t>*))(1 © F )F 

Since the first term is F as [F, v] = 0, the second term must be zero. Hence it follows 
that 

Ftt(7»7»*)F = F, 

which implies that 

7T(7»T»*)F = F. 

By multiplying F © © ■ ■ • © from the right we have that 

J2^(vi j K(vl J ))F kl E = E. 

Since F>F©0©---©0, we have that F fe iF = for k ^ 1. Thus it follows that for 
v G K, 

^7r(r J/ (vi i7 -)r I/ (v* J .))£' = E. 
i=l 

By Lemma |3.5| (applied to M n © A instead of A) we choose v such that each it G F 
has a unitary w' G M n ®N V @ M n © B(E V H) such that 

ll-r.-f-u') — wll ~ 
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as well as 

\\t v (j v (u) - u\\ PS 0. 

Since 

(1 ® F )u'{l ® F ) = (1 ® Fo)7r«(u'))(l ® ^o) 

w (1 ® F )7r(r l ,(« / ))(1 ® Fo) « (1 ® ^oM^Xl ® ^o), 

we have that 

tt(u)F w Fn(u)F w Fu'F w u'F. 
By choosing z/ sufficiently large, we may assume that 

||[w',F]|| < e, u E J 7 . 

By taking the unitary part of the polar decomposition of w — Fu'F + (1 — F)u'(l — F), 
we may assume that 

[«', F] = 0, u £ J 7 . 
Since ||u> — < 2e, we can estimate that 

||ry('U / ) — u\\ < 3e, u G F. 

Since IIt^u')^^')* — 1|| < 6e, we have that for any v G V^, 

\\t v {u'v) - t v (u')t v (v)\\ < (126) 1 / 2 < 4e 1 / 2 . 

(See the proof of |3T^.) Hence for v G V u 

\\ut v (v) -t v {u'v)\\ <3e + 4e 1/2 , u G F. 

We choose an e-net of consisting of N(V U , e) points and set 

G = {(t„(«u), r„(«i2), . . . , r„(%)) I u G (?'}. 

Since is also an e-net of V v for u G F, Lemma ^6] gives a bijection / of Q' onto 
such that 

\\uv-f(v)\\ <2e, ueff', 
Hence for each u G F there is a bijection / of Q' onto £7' such that 

\\uT„{v)-T v (f(v))\\ <5e + 4e 1 / 2 , 

which implies that regarding / as a map of (/ onto 

\\ux- f(x)\\ < 5e + 4e 1/2 , 16$. 

This completes the proof. □ 

In Lemma [3.4| we could handle a mutually disjoint finite family of irreducible repre- 
sentations instead of just one. By doing so we can derive: 
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Lemma 3.7 Let A be a unital nuclear C* -algebra. Let T be a finite subset ofUo{A), ir 
a representation of A on a Hilbert space 7i such that 7r = ©f =1 vrfc with (7Tj)^ =1 a mutually 
disjoint family of irreducible representations of A, E a finite-dimensional projection on 
7i, and e > 0. Then there exist an n G N and a finite subset Q of M\ n (A) such that 
xx* < 1 and n(xx*)E = E for x G Q , and for any u G T there is a bijection f of Q onto 
Q with 

\\ux — f(x) || < e. 



A straightforward generalization of [3.4| would require that E G ft (A)" in the above 
statement. But, since any finite-rank projection on 7i is dominated by such a one in 
tt(A)", we did not need it. 



By having this at hand we can derive a stronger version of Lemma [2.1| and then 



strengthen Theorem |2]3|. For example we will obtain: 



Theorem 3.8 Let A be a separable nuclear C* -algebra. If (uji)^^ and {<fi)i<i< n are 
finite sequences of pure states of A such that (resp. (ifi)) are mutually disjoint and 
ker UJi = ker^- for all i, then there is an a G AInn (A) such that u>i = (fid for all i. 

We will have to use a general form of Kadison's transitivity for the proofs of the above 
results as in [0. See Section 7 of for details and for other consequences. 

We do not know whether we could take an arbitrary non-degenerate representation of 
A for 7r in Lemma |3.7| (perhaps by weakening the requirement 7r(xx*)E = E by \\ir(xx*)E— 
E\\ < e). If this were the case, we would obtain a new characterization of nuclearity which 
manifests a close connection with amenability of A (cf. M, 12, H). 
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